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Abstract: Many surface modeling techniques can be used for local geoid determination. These can be
listed as; Inverse distance to a power, kriging, minimum curvature, nearest neighbor, polynomial
regression, radial basis function, Shepard’s Method’s, Triangulation/Linear Interpolation, collocation etc.
Each technique has different calculation methods and used for different type of land. At the same time,
each of them has some advantage and disadvantage.

In this paper, theoretical and mathematical principles of some surface modeling techniques for geoid
determination have been examined. In this concept, a test area has been selected and geoid models of this
area have been created by some selected modeling techniques.

Here it is searched that accuracy, practicability and serviceability of surface modeling techniques. All
techniques have been compared to each other and known geoidal heights values from GPS and geometric

levelling for 26 selected points.

1 Introduction

Heights, obtained from GPS are ellipsoidal heights and this kind of heights has theoretical
meaning. In practice, ortometric heights are used commonly.

Ellipsoidal height of point P on the earth is distance between points P and ellipsoid surface at
ellipsoidal center direction. Ortometric height of points P is distance between point P and geoid

surface at gravity vector direction.
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Fig (1) Relationship between ellipsoidal and ortometric heights

After GPS observation and processing it can be obtained (XYZ) cartesian or (pAh) geographic
coordinates of point P. Determination of ortometric height H of point P from ellipsoidal height h
depends on determination of geoidal height N.

In practice, for determination of geoidal heights especially for local application, require control
points which both ellipsoidal and ortometric heights are known. Thus geoidal heights of control
points N can be calculated from difference between ellipsoidal and ortometric heights. For
calculation of geoidal height of a point with (@A) geographic or (x,y) plan coordinates is
required determination of geoid surface model of application area by using control points
geoidal heights (Ak¢in 1998;IGNA 1999;0llikainen 1997; Soycan 2002; Zhang 2000).

There are a lot of techniques for determination of surface models of geoid. Some of these
techniques are used direct observation values and the others can be used after adjustment and
filtering. Models using determination of geoid surface must be realistic and well adjusted with
structure of surface. However surface models must be suitable for structure of surface and
filtering and susceptible for extrapolation and interpolation.

Several techniques are used for determination of geoid surface and it can be listed as;

= Interpolation
= Finite Elements
= Collocation
= Numerical differential solution
®  One dimensional datum transformation
In this paper it has been examined some interpolation techniques. For this purposes, geoid

models of Istanbul have been calculated, processed and compared. The digital elevation model

of the test area has been reported in fig (2).
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Fig (2) Digital elevation model of test area

In calculation, it has been used Surfer (Win32) software. It is very powerful for the 3D-
Visualization, it is fast, without consuming much disk space and uncomplicated with object
manager. All processes (gridding, mapping) can be automated with writing programs in Visual
Basic. Help menus content is very useful and describes also background information (Golden
Software).
2 Some surface models for determination of GPS local geoid
2.1 Polynomial regression methods
Polynomial regression is the most common method for geoid surface modeling and this is
described as;
n m ..

N=(p2)=3 ¥ a;o'2 (1)

i=0 j=0
This method is used to define large-scale trends and patterns in data, there are several options to

define the type of trend surface and this can be listed in below. Polynomial regression is not
really an interpolator but it can be used for determination of trend surface (Golden Software).

= Simple Planar Surface

N0:a0+a1(0+a22. 2)
= Bi-Linear Saddle
No :a0+a1(0+a21+a3(02, (3)

=  Quadratic Surface
No =a0+a1¢+a21+a3(p2+a4/12+a5qM 4)
= Qubic Surface

Ny =ay +a1go+a21+a3¢2 +a4ﬂz +a5go/1+a6(p3 +a7/13 +a8gozﬂ+a9goﬂz 4)
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For higher degree polynomial it can be used equation (1). In practice, for surfacing with
polynomial regression, selection of polynomial degree is very important. The surface can be lost
its reality and suitability due to wrong selection of coefficient and polynomial degree. In
surfacing with polynomial regression methods, degree of polynomial is depending on number of
points and degree of freedom. As possible as it must be started with the highest degree and the
most suitable coefficient must be determined by using statistical tests (Kraus 1972; Miller 1958;
Schut 1976;Yanalak 1991). In this research, polynomial degree has been selected 5,6,7,9
respectively for 25,50,100,214 control points. Contour plot of the geoidal heights for
25,50,100,214 control points has been reported fig (3).
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Fig (3) Counter maps of geoid obtained from polynomial regression

2.2 Multi-quadratic surface models

In this method, depending on known control points, a trend surface is determined by using
simple planar or quadratic surface. After this operation, residuals in control points are used for
surfacing and all surface coefficients are calculated (Golden Software). All surface area is

described with only one function. Parameters of function are determined from all control points.

For multi-quadratic surface model;

AN = Y .C;0(x;.y;,x,9)+ f (6)
j=1
/2
O(x;,y;,x,y)= [(xi —x) +(vi —y)z]l (7)

f: correction value(it can be selected 0.1 or 0.6Q2min). For determination of surface coefficient

eq.(6)is re-written as below;
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AN] IC‘]Q11+C2Q]2+C3Q]3+ ............... +ch]n
AN, ZCIQ]] +02Q12 +C3Q13+ ............... +ch1n

®)

ANn:c]Qn] +02Qn2 +C3Qn3+ ............... +Cnan

This equation set can be solved by least squares method and coefficients are obtained. Geoidal

heights of new P(x,y) point can be calculated as below;

n
NP=#(ny%+ijJ&j—xY+(yj—yV ©
Here t(x,y) is tﬁend value obtained from simple planar or quadratic surface polynomial
regression. After Multi-quadratic surfacing, there are any residuals in control points and
distribution of control points does not affect results (Kraus 1972; Miller 1958; Schut
1976;Yanalak 1991). Contour plot of the geoidal heights for 25,50,100,214 control points has

been reported fig (4).
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Fig (4) Counter maps of geoid obtained from multi-quadratic surface models
2.3 Triangulation- Linear interpolation

The Triangulation interpolator is an exact interpolator. Linear surface is a planar and it can be

described as Ny =ap +a;p+ayA simple planar surface. In fig (5) the planar surface for

points 1,2,3 is shown.
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Fig (5) Planar Surface
N1=a0+a](p1+a2/t[ Ny 1 0 0 ap
Ny =ap+a;py+aziy, p.4=0, N=|Ny|=| @, A|a;
N3 =ag+ajpz+asls N3| |l @3 A3|a;

Where; ay, a,, a, coefficients are calculated from these equations;

ap INI

[(4; = 23)N; + 43N = A,N5]
(0225 —@345)

ayp =

(3 — 92 )N; + 93N, —,N;]
(0223 —p35)

ay =

(10)

(11

Triangulation works best when data points are evenly distributed over the grid area (Golden

Software). Data sets that contain sparse areas result in distinct triangular facets on a surface plot

or contour map. Triangulation is very effective at preserving break lines (Kraus 1972; Miller

1958; Schut 1976;Yanalak 1991). Contour plot of the geoidal heights for 25,50,100,214 control

points has been reported fig (6).
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Fig (6) Counter maps of geoid obtained from linear interpolation/triangulation
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24 Nearest neighborhood surface models

In this approach, geoid surface is divided small parts and each part is described with a different
function. To calculated geoidal height of a new P point; it is used surface obtained from nearest
control points. In selection of control points, it is used user defined search circle or ellipse. As a
function of this surface it can be used lower degree polynomial. Using different function is
caused splits; break lines and discontinuity along the boundaries (Golden Software).

If the surface is not homogenous, this method can be used. To pretend splits, break lines and
discontinuity, conjunction function must be used and these problems are solved by only one
function for this surface. Thus, this method cannot be suitable in every respect (Kraus 1972;
Miller 1958; Schut 1976;Yanalak 1991). Contour plot of the geoidal heights for 25,50,100,214

control points has been reported fig (7).

4.3 413
(] (]
o] o]
2 t =
= =
| |
40.9 40.9
280 284 288 292 296 280 284 288 292 296
Longitude Longitude
413
(] (6]
o] o]
2 2 p
= s F
| .| <
. 40.9 .
284 288 292 280 284 288 292 296
Longitude Longitude

Fig (7) Counter maps of geoid obtained from nearest neighborhood surface models

2.5 Inverse distance to a power surface models

The inverse distance to a power method is a weighted average interpolator. The power
parameter controls how the weighting factors drop off a distance from a new unknown point.
For a larger power, closer data points are given a higher fraction and the overall weight. For a
smaller power, the weights are more evenly distributed among the data points (Golden
Software).

Surfacing with these methods, firstly a trend surface from polynomial regression and residuals
in control points are used for determination surface (Kraus 1972; Miller 1958; Schut

1976;Yanalak 1991).
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N, A)=t((p, )+ =L— B =~ (12)

The most important property of method is generation of “bull’s-eye” surrounding the position
of observation within the gridded area. These effects can be reduced by using smoothing

parameters. Contour plot of the geoidal heights for 25,50,100,214 control points has been

reported fig (8).
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Fig (8) Counter maps of geoid obtained from inverse distance to a power surface models
3 Comparison of surface and evaluations

For comparison and defining optimum surface models, surfacing is made by different number of
control points. In addition, 26 new points (distributed homogenous) have been selected in
application area and geoidal heights of new points calculated from GPS-Geometric leveling
measurement. 26 new points geoidal heights have been calculated from each model by using
214,100,50 and 25 control points, and these have been compared with geoidal heights which

have been calculated from GPS-Geometric levelling, differences and rms values have been

evaluated.
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Table (1) Comparison of methods by using geoid obtained from 214 control points

214 Control Points

Max. Min. Average of .
Methods Difference Difference Abso%ute RMS of Differences

(mm) (mm) Differences (mm) (mm)
Polynomial Regression 93.9 2.5 29.6 39.86
Multi-Quadratic 80.3 0.4 20.9 31.96
Triangulation-Linear Interpolation 70.0 1.1 17.1 24.90
Nearest Neighborhood 143.0 2.0 66.6 86.92
Inverse Distance to a Power 80.6 0.4 35.21 46.51

Table (2) Comparison of methods by using geoid obtained from 100 control points

100 Control Points
Max. Min. Average of .
Methods Difference Difference Abso%ute RMS of Differences

(mm) (mm) Differences (mm) (mm)
Polynomial Regression 98.8 3.0 30.58 39.94
Multi-Quadratic 84.8 1.0 28.12 37.59
Triangulation-Linear Interpolation 80.7 1.3 32.05 39.69
Nearest Neighborhood 177.9 0.0 90.54 108.52
Inverse Distance to a Power 1354 0.0 56.48 66.72

Table (3) Comparison of methods by using geoid obtained from 50 control points

50 Control Points

Max. Min. Average of .
Methods Difference Difference Abso%ute RMS of Differences

(mm) (mm) Differences (mm) (mm)
Polynomial Regression 123.2 0.7 34.42 50.27
Multi-Quadratic 94.6 4.9 30.20 42.70
Triangulation-Linear interpolation 81.8 5.6 40.44 49.06
Nearest Neighborhood 208.0 0.0 94.87 109.43
Inverse Distance to a Power 174.2 0.2 48.04 67.09

Table (4) Comparison of methods by using geoid obtained from 25 control points

25 Control Points

Max. Min. Average of .
Methods Difference Difference Abso%ute RMS of Differences

(mm) (mm) Differences (mm) (mm)

Polynomial Regression 209.2 2.8 56.42 86.18
Multi-Quadratic 127.2 5.2 43.34 57.03
Triangulation-Linear Interpolation 1354 0.6 44.79 55.81
Nearest Neighborhood 254.3 0.0 82.68 111.93
Inverse Distance to a Power 136.2 0.4 593 71.78
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B Polynomial Regression 39,86 39,94 50,27 86,18
[ M-quadratic 31,96 37,59 42,7
E Triangulation-Linear Yaterpolation 24,9 39,69 49,06
I Nearest Neighborhood 86,92 108,52 109,43
B Inverse Distance to a Power 46,51 66,72 67,09

Fig (9) RMS error of each methods obtained from 26 known geoidal heights.

4 Results

Polynomial regression is easy and practical methods and offer smooth surface, when surfacing
with polynomial regression; all coefficient must be tested and optimum coefficient must be
selected. Generally, this model is used for determination trend surface. Multi-quadratic models
use residuals in control points; residuals can be calculated from trend value obtained from
simple planar or quadratic surface polynomial regression. After Multi-quadratic surfacing there
are any residuals in control points and distribution of control points does not affect results. It is
very important property for surfacing. Triangulation works best when data points are evenly
distributed over the grid area. Data sets that contain sparse areas result in distinct triangular
facets on a surface plot or contour map. Triangulation is very effective at preserving break lines.
Nearest neighborhood method uses different function for each part. Using different function is
caused splits; break lines and discontinuity along the boundaries. In application it can be seen
easily that rms error of this methods are very high. Surfacing with inverse distance to a power
method, firstly a trend surface from polynomial regression and residuals in control points are
used for determination surface. The most important property of method is generation of “bull’s-
eye” surrounding the position of observation within the gridded area. It can be seen in figure 8.
Rms of these methods is higher than polynomial regression, multi-quadratic and triangulation-
interpolation methods. As a result of all evaluation polynomial regression, multi-quadratic and
triangulation-interpolation methods can be used for geoid surface; these models supply enough

accuracy for determination of ortometric heights from GPS.
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